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B O U N D A R Y  C O N D I T I O N S  
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An exact  solution is given for  one heat-conduct ion problem involving a polygonal region with 
mixed  boundary conditions.  The solution method is based  on development  of a method p r e -  
sented by the author  in prev ious  publicat ions.  

An approach as soc ia t ed  with conformal  mapping is effect ive in the solution of s t eady - s t a t e  p rob lems  
with boundary conditions of the f i r s t  and second type. It is quite difficult to apply this method to p rob lems  
with a boundary condition of the third type, owing to the fact  that a condition of the third type with constant 
coeff icients  becomes  a condition with var iab le  coefficients  when conformal  mapping is used. The re  a re  
few studies that give an exact  solution to p rob l ems  With a boundary condition of the third type [1-3]. 

Our aim is to solve a speci f ic  heat -conduct ion p rob lem with mixed boundary conditions. The exact 
formula t ion  is given below. The idea behind the solution consis ts  in the following. Conformal  mapping is 
used to t r a n s f o r m  the p rob l em  (Fig. la)  into the cor responding  p rob lem for  a quadrant  (Fig. lb) on one side 
of which we have a condition of the f i r s t  type, and on the other  a condition of the third type with var iab le  
coeff ic ients .  The genera l  method p re sen ted  in [4] is used to construct  an analytic function whose rea l  pa r t  
is a solution to this p rob lem.  

We are  r equ i red  to solve the s t eady - s t a t e  heat -conduct ion p rob lem for  the region shown in Fig. la :  

0J_T + a~T _ 0 (1) 
Ox ~ Og~ 

with the boundary conditions 

(2a) T[x~-b = To, - - o o ~ y ~  co; Tix=o = To, - -  ~ - ~ y < 0 ;  

OT 
0-~ q- h T  [u=o -= 0 , 0 < x < oo, (2b*) 

where  h is the h e a t - t r a n s f e r  coefficient .  

We seek  a solution of the p rob lem T that is continuous up to the boundary;  we requi re  that the func-  
tions a T / a x ,  a T / a y  be continuous at all points on the boundary,  except for  (0, 0). 

We seek  a solution that is bounded at infinity, 

T ( x , g ) = O ( 1 )  for r-~oo,  (3) 

where  r = ~/x-2 + yZ. 

It follows f rom physica l  considera t ions  that 

T ( x , g ) = T o + d s i n ( b  x)exp ( b  g ) + e x p ( - ~ - y )  p(x,g)*', 
(4) 

- - b ~ < x . ~ O ,  g---~--oo, 

*We a s s u m e  that as we move away f rom the boundary the ambient  t e m p e r a t u r e  drops rapidly  to ze ro .  
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Fig.  1. Region for  which the solut ion is sought  
(a), and reg ion  obtained a f te r  con fo rma[  m a p -  
ping (b). 

[The a sympto t i c  behav io r  of the solut ion in this case  m u s t  
be the s a m e  as in the p rob l em fo r  a half  s t r ip  whose  s ide 
edges  a re  at a cons tan t  t e m p e r a t u r e  To]. In Eq. (4) d is 
a cons tan t ,  while p(x, y) is a funct ion that is continuous 
and bounded toge the r  with its f i r s t - o r d e r  par t ia l  d e r i v a -  
tive in the h a l f - s t r i p  - b  -<x -< 0, - ~  < y -<-- 6 < 0. 

We shal l  t r ea t  the plane (x, y) as the plane of the 
complex  va r i ab le  z = x + iy, and eon fo rma l ly  map our  
r eg ion  (Fig. la )  onto the f i r s t  quadrant  of the plane w = u 
+ iv (Fig.  lb) .  The mapp ing  is defined by the funct ion 

2b ; ~2 
z = - -  - -  d~, (5) 

0 

w h e r e  we in tegra te  ove r  an a r b i t r a r y  curve  in the reg ion  0 < a r g w  < 7r/2. 

With such a mapping ,  the rea l  s e m i a x i s  0 < x <  ~,  y -- 0 of the z plane goes Onto the rea l  s emiax i s  
0 < u <  ~ , v = 0 o f t h e w p l a n e .  T h e s i d e s x = 0 , - ~ < y < 0 ;  x = - b , - ~ < y <  m g o ,  r e s p e c t i v e l y ,  i n t o t h e  
pa r t s  of the i m a g i n a r y  axis u = 0 ,  0 < v < l ;  u = 0 , 1 < v <  ~.  

The Lap lace  equat ion is invar ian t  under  a t r a n s f o r m a t i o n  of coo rd ina t e s  defined by the c o n f o r m a l  
mapping .  Thus the funct ion T = T(x(u, v), y(u,  v)) s a t i s f i e s  the Lap lace  equat ion 

02T + 037 O. (6) 
• ~ av ~ 

The boundary  condi t ions  for  the funct ion T have the fo rm 

Tl,=0 = To, 0 < v <  ~ ;  (7a) 

OT 
- -  (u ~ + 1) ~ -k eu2T [~=o = 0, 0 < u < 0% (7b) 

w h e r e  we let 

2hb 
- ( 8 )  

We note that at the s ingu la r i t y  (0, 1) the cont inui ty  of the funct ions 3T /Su ,  8T/Ov is p r e s e r v e d .  This can 
be shown in the fol lowing m a n n e r .  

The mapping  (5) spec i f i e s  the r e l a t ionsh ip  between the old and new s y s t e m s  of c u r v i l i n e a r  c o o r d i -  
na tes :  x = x(u, v), y -- y(u, v). Using (4), we es tab l i sh  the cont inui ty  of the de r iva t ives  

aT OT Ox OT Oy ~T OT Ox aT Oy 

0-~-- Ox & + @ Ou Ov Ox & + @ Ov 

Fol lowing the notions developed in [2, 5], we seek  a solut ion of the p rob l em in the f o r m  

T = Re~ (w), (9) 

w h e r e  ,I,(w) is a funct ion analy t ic  in any finite por t ion  of the reg ion  0 < a r g w  < 7r/2 of the complex  var iab le  
w : u + iv. In a c c o r d a n c e  with (7a), (7b) this funct ion mus t  sa t i s fy  the boundary  condi t ions  

Reg(w)  [~=i~ = To, 0 < v <  ~a; (10a) 

Re [--i(w2 + 1)dT(W)dw q-e~T(w)]  l~=u = 0 ,  0 < u <  oo. (10b) 

We shal l  seek  a solut ion ,I,(w) cont inuous on the bounda ry ,  that  s a t i s f i e s  the condit ion at infinity:  

2 
~g (~V) = - -  i - -  Toln ~ + 0 ( I w I-9, 

(11) 

I w ! ~ m ,  0 ~ < a r g m < n / 2 .  

It is now convenient  to r e p l a c e  ,I,(w) by tile new funct ion X(w), f o r  which (10a) will  be homogeneous :  
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gr (w) = X (w) - -  i 2 To In w; (12) 
n 

Re ~ (w) l~=i~ --- 0, 0 < v ~ o o ;  (13a) 

Re [ - - i ( w 2 +  1) d~(w.____~)dw -}-ew~(w)J ~=~ 

2 u2+  1 
= - -  T o - -  , O < u <  oo. (13b) 

tA 

H e r e  ~(w) has  the fol lowing a s y m p t o t i c  behav io r :  

x(w)=O(llnwl), Iwl~O; z(w)=O(Iwt-~), Iwl.-+oo, 
(14) 

0 ~ a r g w ~  - -  . 
2 

The condi t ions  (13a), (13b), (14) for  X(w) follow f r o m  the c o r r e s p o n d i n g  condi t ions  (10a), (10b), (11) fo r  
r 

The b r a c k e t e d  e x p r e s s i o n  in (13b) is a funct ion analy t ic  in any finite por t ion  of the f i r s t  quadran t ,  
and cont inuous at all points  on the boundary  except  for  w = 0. 

Employ ing  the me thod  of [4], we seek  it in the f o r m  

--i(w ~ + 1) d~(w) + ew~)~(w) = 2 To w 2 +__._~1 + iToa ' (15) 
dw ~ w 

w h e r e  a is a r ea l  cons tant .*  It is so s e l ec t ed  that the funct ion X(w), found f r o m  (15), sa t i s f i e s  the boundary  
condi t ion (13a). 

In t eg ra t ing  (15), we obtain 

v-~ ~ ( w ) = T o \ ~ / .  exp(--iew) \ ~ - - i  exp(ie~) - - - - - - + n  ~ + 1  dE' (16) 

to 

where  we make  a l lowance  fo r  the second  re la t ionsh ip  of (14). In (16), we choose  those b r a n c h e s  of the 
funct ions ( w - i )  e/2,  (w + i) e/2,  that  approach  ue/2 along the pos i t ive  r ea l  axis when w ~ ~o. We in tegra te  
over  any path in the f i r s t  quadran t  that does not pass  through the point w = 0, w = i. In p a r t i c u l a r ,  f o r  
w = iv, 1 < v < ~ ,  we take the r ay  running along the boundary  of the reg ion  as the path of in tegra t ion .  As we 
see ,  f o r  1 < v <  ~ ,  the bounda ry  condit ion (13a) is s a t i s f i ed  r e g a r d l e s s  of the value of o~. 

P e r f o r m i n g  c e r t a i n  manipu la t ions  in (16), we obtain 

~(w)l~=i~=--iTo\~--~] exp(ev) \~--1~11 exp(--es) -~--+ s ~ _ i  
v (17) 

l < v < o o ,  
and thus 

- -  exp 

w h e r e  B is a cons tan t :  

Re~t(w) I~=~o = O. 1 < v <  oo. (18) 

We shal l  now show that by an a pp rop r i a t e  choice  of a we can sa t i s fy  the boundary  condit ion (13a) fo r  0 < v 
< 1 as wel l .  To do this ,  it is convenient  to t r a n s f o r m  (16) to the f o r m  

~ ( w ) =  7"o 
0 

(ie -~n ))ex--~P(ie~) d~--exp (ie 2 ) fexp(ie:' . , : . ,~--i  A-i le/2exp(ie~) d~ (19) 

w 0 

B=-- i  2 f [(~ +i ~/2 exp(ie. ~_~_]]exP(ie~ ) d~ 
Lk~-- i  ? \ 2 7J 

0 

*It is e s sen t i a l  that  the coef f ic ien ts  on d~((w)/dw, • in (15) contain only even powers  of w. 
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r,/r.qo,8 . . . . . . . .  .... - + =  i (r +i t~,., exp(i~;) <, (20) 
0 

In (20) we i n t e g r a t e  a long  any c u r v e  in the f i r s t  q u a d r a n t  

- that  does  not  p a s s  the  poin t  g = i; h e r e  the f i r s t  i n t e g r a l  
4 '  ~ ~ ~ . . ~  . , c o n v e r g e s  a t t h e p o i n t ~ = O ,  s i n c e  

- ~ = exp ie , 
o r e 3 ~ x/a ~ ; - i /  ~,.=o Y 

F i g .  2. T e m p e r a t u r e  d i s t r i b u t i o n  a long  r a d t -  In p a r t i c u l a r ,  we can take  the r e a l  s e m i a x i s  as  the path 
a t ing  w a l l :  a) ~ = 1; b) ~ = 2. of i n t e g r a t i o n .  Us ing  (19) and (20), we f ind that  the r e -  

q u i r e m e n t  

Re~(w)[~=~ = 0, 0 < v <  1 (21) 

l e a d s  to a s o l u t i o n  of the l i n e a r  a l g e b r a i c  equa t ion  fo r  a .  In f ac t ,  if in (19) we i n t e g r a t e  o v e r  the s e g m e n t  
of the i m a g i n a r y  axis  b e t w e e n  the po in t s  w = 0; w = iv,  0< v <  1, and s e p a r a t e  the  r e a l  a x i s ,  we ob ta in  

Re )~ (w)]~=iv = To l ~ - v ]  exp (ev) Re = (22) 

C o m p a r i n g  (21) and (22), we have  

Re[Bexp(_ie2)J  =0 (23, 

E x p r e s s i o n  (23) ts  a l i n e a r  a l g e b r a i c  equa t ion  fo r  oe. So lv ing ,  we have  

1 ----~2 j~sin[e(s_arctgs)]dSs 
a ~ o (24) 

; ~ 
cos [e (s - -  arctg s)l s ~ 4------~ 

The  po in t  w = is  a r e m o v a b l e  s i n g u l a r i t y ,  

(i) = tim X (w) --  - -  i r e  _a (2s) 
t e ~ i  g 

C o n s i d e r i n g  (12) and (16) t o g e t h e r ,  we w r i t e  the so lu t ion  (6)-(9) ,  

[\w+[(~--ilZ/eexp(--iew); xg--~] [ 2 i a ]d ~ 2 '~, W(w) = To , exp(/s~) - - - -n  --~ q- ;27k 1 j - - i - -av inv0} . (26) 

In (26), the r e l a t i o n s h i p  be tween  the v a r i a b l e s  z and w is g iven  by  (5), wh i l e  the d e s i r e d  t e m p e r a t u r e  T is 
found as  the r e a l  p a r t  of the funct ion  ~I,. 

The  e x a c t  f o r m u l a s  o b t a i n e d  w e r e  u sed  in n u m e r i c a l  c a l c u l a t i o n s  fo r  the t e m p e r a t u r e  d i s t r i b u t i o n  
T = T(x ,  0) a long  a r a d i a t i n g  wa l l  (F ig .  l a ) .  Th is  d i s t r i b u t i o n  is found f r o m  (26) and (5), 

T~To{@ f sin [e(s-u-arctg su~- )]  s--u -{-a cos e ( s - - u - - a r c t g  su~-lS--U s2@l } (27, 
u u 

w h e r e  the r e l a t i o n s h i p  b e t w e e n  x ,  u c o o r d i n a t e s  is  g iven  by  the f o r m u l a  

2b 
x =- - -  (u - -  arctg u). (28) 

F o r  l a r g e  x,  the va lue  of the t e m p e r a t u r e  is  r e p r e s e n t e d  by  an a s y m p t o t i c  f o r m u l a  that  fo l lows  f r o m  the 
e x a c t  s o l u t i o n ,  

T (x, O) ,-~ T o -- -- ,  x--, co. (29) 
\ ~ /  8 X 
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Calculat ions were  c a r r i e d  out for  the following values of e (8): a) 1; b) 2. These  p a r a m e t e r s  co r respond  
to halving of the t e m p e r a t u r e  in the ambient  at the following dis tances  f rom the radiat ing wall: a) 0.44 b; 
b) 0.22 b. 

The calculat ions were  fo rmed  on a Razdan-2 compute r .  The resu l t s  a re  given as graphs in Fig. 2. 

NOTATION 

T o is the t e m p e r a t u r e  of the side faces ;  
T is the t e m p e r a t u r e  within the region; 
h is the h e a t - t r a n s f e r  coefficient;  
b is the dis tance between the side faces .  

1. 
2. 
3. 
4. 
5. 
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